This paper presents a method of obtaining regression-like 3 estimators for the parameters of equations of-the form We will attempt to d e m o n~t~a t e that such equations are useful as causal models when independent variables are hypothesized to be both additive and non-additive in producing effects on a dependent variable. Our plan is to first present a brief summary of currently available methods for estimating non-additive stochastic models, to present our method, to test the method with computer-genera-?ed data of known distribution, and, finally, to apply the method to a very brief analysis of earnings differentials between men and women in 1960.
I. Currently available methods for analysis of data according to non-a9ditive models
Probably the simplest way to handle non-additive relationi ships among explanatory variables is to postulate a model of the form where-the bi are parameters and is a random error term. When logarithms of Y and the expression on the right side of the equation are taken, we obtain a new equation (1>k) which can be estimated in a straightforward manner using ordinary-least squares regression.
( 1 % ' : )
Log Y = Log bo + L bi Log Xi + Log 5 i . .
i:c-=:~tai-nly t h e r e a r e s i t u a t i o n s i n which e q u a t i o n (1) i s a u s e f u l . . i .
.11ti.)c.Ie1~ !3ut some r e f l e c t i o n on t h e t h e o r e t i c a l i m p l i c a t i o n s o f t h e m~-~d e l may mzke o n e h e s i -t a n t t o u s e it v e r y o f t e n : t h e model i m p l i e s -i:hat t h e e f f e c t o f e v e r y causal: v a r i a b l e on t h e d e p e n d e n t v a r i a b l e Y 7 ' J,
:.s a f u n c t i o n o f v i r t u a l l y e v e r y o t h e r c a u s a l v a r i a b l e i n t h e :nodc.?l. ( M a t l~e m a t i c a l l y , t h i s i s o b s e r v e d by n o t i n g t h a t t h e p a rt i a l d e r i v a t i \ : e of Y w i ? h r e s p e c t t o a n y o f t h e X . i s a f u n c t i o n f
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o f a l l on Y. E q u a t i o n ( 2 ) r e p r e s e n t s s u c h a model, and o n e c a n c l e a r l y s e e t h a t it i s amenable t o s t r a i g h t f o r w a r d ? e g r e s s i o n analysi-s .
-o f t h e o t h e r Xiel Theory d o e s n o t o f t e n s u g g e s t models i n w h i c h : ' t h i s s o r t o f i n t e r d e p e n d e n c e o f c a u s a l e f f e c t s o c c u r s , s A n c e i t ampunts t o r e q u i r i n g " i n t e r a c t i o n e f f e c t s " among a l l v a r i a b l e s .
An a l t e r n a t i v e t o u s i n g m o d e l s o f t h e f o r m o f e q u a t i o n (1)-i s t o d
( 2 )
Examples o f e q u a t i o n s o f t h i s f o r m c a n be f o u n d i n Lane ( 1 9 E g ) , ~h u r o w ( 1 9 6 7 1 , and B l a l o c k ( 1 9 6 5 ) .
The problem w L t h models k e p r e -, s e n t e a by e q u a t i o n ( 2 1 i s t h a t t h e y p r o v i d e t h e a n a l y s t w i t h -n o . s t r a i g h t f o r w a r d m e a s u r e o f t h e r e l a t i v e c o n t r i b u t i o n o f e a c h o f t h e " ? n t e r a c t i n g l ' v a r i a b l e s t o t h e i r j o i n t e f f e c t on Y . F u r t h e r , i it is: p o s s i b l e f o r t h e p r o d u c t Z = X .
1
X. t o be h i g h l y c o r r e -l a t e d I w i t h Xi and o n l y b a r e l y c o r r e l a t e d w i t h X p u r e l y as a n a r t i f a c t j o f t h e d i f f e r e n c e between t h e r a t i o of t h e s t a n d a r d d e v i a t i o n o f l e t X . h a v e a mean o f 2 . A c c o r d i n g l y , we c a n s e e t h a t a change 3 i n Xi from 199 t o 2 0 1 , a change o f t w o s t a n d a r d d e v i a t i o n s , w i l l i n c r e a s e Z by a t r i f l i n g amount --l e s s t h a n one p e r c e n t , assumi n g t h a t X h a s r e m a i n e d c o n s t a n t .
Xi d i v i d e d by t h e mean o f Xi and t h e r a t i o o f t h e s t a n d
But a change i n X from one j j s t a n d a r d d e v i a t i o n below i t s mean t o one s t a n d a r d d e v i a t i o n above p r o d u c e s a change i n Z o f 300 p e r c e n t , assuming t h a t X . r e m a i n s 1 ' c o n s t a n t . Z would be s o h i g h l y c o r r e l a t e d w i t h X t h a t i t would j add o n l y i n s i g n i f i c a n t l y t o a r e g r e s s i o n e q u a t i o n a l r e a d y c o n t a i ni n g X . , s i m p l y as a n a r t i f a c t o f t h e means and s t a n d a r d d e v i a t i o n s 3 o f Xi and X j So, u n d e r c e r t a i n c i r . c u m s t a n c e s t h e r e may be drawb a c k s t o u s i n g a s i m p l e p r o d u c t o f two v a r i a b l e s t o a c c o u n t f o r a j o i n t , n o n -a d d i t i v e r e l a t i o n s h i p betw.een them i n d e t e r m i n i n g t h e v a l u e o f a d e p e n d e n t . v a r i a b l e .$k O t h e r l e a s t s q u a r e s t e c h n i q u e s which p e r m i t j o i n t , non- It is possible that Xi qnd Xj have non-additive effects in only one or a few regions of their joint distribution. In such cases, the analyst need not include the full complement of men-2 dummy variables, but can include Xi, X. and a dummy for each of the regions in which the interaction e$fect is suspected. In such cases the number of coefficients may well be small enough to allow easy interpretation of the results.
climbing," steepest descent, etc.) can be used to fit the parameters of virtually any model to a set of data; .they.are quite impressive in this respect. But these methods are spectacularly expensive to use because each iteration requires a separate pass over the . . terms, but we will first explicate a method by which to estimate the parameters of equation ( 3 ) .
Estimating -equation ( ('5 )
Having obtained adjusted cell means for the partition of the Xi's, it.is a straightforward matter to obtain estimates of the [zi) . Clearly, then, the situation has reduced to the common and easily-solved problem of estimating an equation of the form of equation (1) 
3.
Thus, we obtain the parameters (bi, till in equation (3 j . strictly speaking, there are two points which should be rnentioned: first, there is the problem of the additive error term which has not been subtracted from equation (3 to produce ( 3 f t ) , but which we have nevertheless not included in (3$:). The reason that we have not included this error term is that equation under.exceptiona1 circumstances, so we are faced with a problem which requires some simplifying assumptions for its solution. One such assumption is that the log of the mean of the variable in question is equal to the mean of its log. This is a common procedure and we have followed it in our computations, though some inaccuracy is introduced as a result.::
One might also assume that the Xi have a certain distribution in the intervals. If this distribution has a density function f (XI, and if the interval is (a,b), a theorem in probability gives the following result: the expectation of X (i.e. the probability limit of the mean of log X) is
, for example, if X is %ssumed to have a rectangular distribution %n (a,b) (i.e. X is "evenly" distributed over the interval), the mean of the log of X when X is in (a,b) is
However, one is still left with the problem of obtaining the mean of log Y, and we can suggest no better method than to approximate the mean of the log by the log of the mean.
We will -now test our method using computer-generated data of known distribution. We will explicate certain properties of the . . : ";. . . parameter estimates produced by the method in subsequent discussion. (3). We ,will now proceed. ,to apply the method to "natural" data.
111. An illustrative application of the method:
In this section we very briefly apply our method to an analysis of earnings differentials between male and female workers in the United States in 1959-60. We will present theoretical reasons for choosing a model of the form of equation (3). The model will then be estimated separately for men and for women, and the results will be gi-ven to interpretation of the various coefficients. than that gained by a less-educated worker, at least in terms of the increases in skill that come with on the.job learning, resulting in a higher wage return to experience for more educated workers.
So we wish to use an earnings model which captures this multiplicative relationship between education and experience. This distribution is suggested by Cramer (1971, 681 . The figure of 65 per cent was obtained by the author after plotting the log earnings distribution on normal probability graph paper and'observing the region in which the plotted points conformed to the expected straight line pattern.
we use log earnings of individuals 'in 1960 as our dependent varie able. The use of log earnings rather than actual earnings means that absolute differences in the dependent variable are i n d i~a t~v e of proportional differences in actual earnings. Equation variable) regression analysis was performed after. partioning age and education into four and five intervals respectively, jointly defining 20 mutually exclusive categories. Table 4 shows the classification. Since experience (as presently defined) j.s a function of age a~~d educati.311, the partition into age-education categories also provides a set of mutually exclusive experienceeducation categories. Mean education and age within a given interval are taken to be the midpoint of the interva.1 represented,
except for the open-ended education interval, "college, four years or more,",for which 16 years was used as the mean.
Dummy variables representing 19 of these categories. wepe entered into separate regression analyses for women and men, according to education (7*), where the Di are the dummy variables, K is a constant term, and all other variables and their parameters are identical to those in equation (7).
Results of the regression analyses are shown in table 3 below. We add the constant term K to each of the Dl's to obtain a value for the mean of $ in the corresponding education-experience category adjusted for the effects of region residence and occupational prestige. The adjusted'mean for the category corresponding to the dummy variable left out of the regression equation (7::) is just the constant term. Table 4 presents the adjusted means for each category, the number of individuals in the category and the corresppnding mean education and experience, by sex. (8) cross-sectional data to estimate the parameters of a time-related process. Second, we have too few women in our sample to be very comfortable with the results of the secondary regression analysis on females: seven of the dummy variables for women represent categories containing fewer than 10 members of the sample. And, finally, the experience variable is undoubtedly a much weaker indicator of labor force experience for women than it is for men.
However, the purpose of this analysis is to illustrate the use of a technique, and our analyses can serve this purpose in spite of the limitations just discussed.
We will attempt to show how our analyses can shed light on two questions: 1) Is education more or less important than experience in determining their joint impact on log earnings? And 2) What are the differences between the way education and experience jointly affect the attainment of log earnings by men and women?
Since Ed and Ex are both in the same metric (years) we can compare their separate relative contributions to their joint, effect on $ simply by comparing their exponents b and be. Notet h a t f o r b o t h women a n d men, t h e e x p o n e n t o f Ed i s l a r g e r t h a n t h a t o f Ex.
I n c o m p a r i n g t h e way e d u c a t i o n a n d e x p e r i e n c e a f f e c t t h e a t t a i nment o f l o g e a r n i n g s o f men t& t h e way t h e y a f f e c t t h e l o g e a r n i n g s o f women, w e m i g h t f i r s t n o t e t h a t t h e e x p o n e n t s f o r b o t h e d u c at i o n and f o r e x p e r i e n c e a r e l a r g e r f o r women t h a n f o r men. T h i s i n d i c a t e s t h a t a t a g i v e n l e v e l o f e d u c a t i o n a n d e x p e r i e n c e , a m a r g i n a l i n c r e a s e i n t h e e d u c a t i o n o r e x p e r i e n c e o f a woman w o r k e r w i l l i n c r e a s e h e r j o i n t " r e t u r n " t o e d u c a t i o n a n d e x p e r i e n c e by a l a r g e r p r o p o r t i o n t h a n a s i m i l a r i n c r e a s e i n t h e e d u c a t i o n o r exp e r i e n c e of a man would i n c r e a s e h i s j o i n t r e t u r n t o e d u c a t i o n and e x p e r i e n c e . Graph 1 p r e s e n t s t h e m a g n i t u d e o f t h e s i z e o f t h e j o i n t e x p e r i e n c e -e d u c a t i o n c o n t r i b u t i o n t o $ a t d i f f e r e n t l e v e l s o f e x p e r i e n c e a n d e d u c a t i o n , a c c o r d i n g t o e q u a t i o n s ( 8 ) a n d ( 9 ) .
Note t h a t w h i l e t h e j o i n t e f f e c t o f Ed a n d Ex f o r women i s more s e n s i t i v e t o c h a n g e s i n Ex t h a n i t i s f o r men, t h e s i z e o f t h e j o i n t c o n t r i b u t i o n i s s u b s t a n t i a l l y l e s s f o r f e m a l e s t h a n it i s f o r m a l e s . When we c o n s i d e r t h a t t h e p a r a m e t e r b i s a l m o s t 50 0 p e r c e n t l a r g e r f o r men t h a n it i s f o r women ( 6 . 0 2 5 v s . 4 . 2 5 8 ) ,
t h i s r e s u l t i s n o t s u r p r i s i n g . F i n a l l y , s u p p o s e t h a t o u r e x p e r i e n c e v a r i a b l e i s t e r r i b l y i n a c c u r a t e a n d t h a t w o r k i n g women a r e , o n t h e a v e r a g e , o b t a i n i n g o n l y h a l f a s much employment e x p e r i e n c e a s men i n t h e f i r s t 1 5 y e a r s a f t e r t h e y c o m p l e t e t h e i r s c h o o l i n g . What would Graph 1 look like if we adjusted the women's experience accordingly? The slope of the curves for women would be twice as steep as they are presently over the range of one to 15 years of experience, since the X axis would be collapsed without commensurate change in the Y axis. In other words, our results would be changed in degree, but not in substance: the joint contribution of education and experience to log earnings would be even more sensitive to changes in experience for women than for men, and the size of the contribution would remain lower for women than for men.
Conclusions
We have presented a method for estimating equations which are useful in certain circumstances when an "interaction effect" or multiplicative relationship between two or more causal variables is hypothesized and purely additive effects of other causal variables are believed to occur. The method has been tested on computer-generated data and has been found to reproduce with adequate accuracy the parameters of the equation which was used to generate the data. The method has been applied to analysis of differences in the attainment'of annual earnings by men and women, and the parameter estimates obtained appear to be quite reasonable.
We certainly do not claim to have presented an answer to all or even many of the problems involved in handling multiplicative and additive r.elationships among causal variables simultaneously. However, we do believe that the method we have presented is useful in certain circumstances, and we have attempted to show very briefly .
some of the insights that can be obtained by using it.
